LEFSCHETZ NUMBERS OF ITERATES OF THE MONODROMY 

AND TRUNCATED ARCS 



JAN DENEF AND FRANgOIS LOESER 

Abstract. We express the Lefschetz number of iterates of the monodromy of a 
function on a smooth complex algebraic variety in terms of the Euler characteristic 
of a space of truncated arcs. 



1. Introduction 

Let X be a smooth complex algebraic variety and let / : X ^ C be a non constant 
morphism of complex algebraic varieties. We fix a smooth metric on X. Let x be 
a point of /""^(O). We set X^^^ := B{x,e) n f~^{D^), with B{x,e) the open ball 
of radius e centered at x and = \ {0}, with the open disk of radius r] 
centered at 0. For < <C e -C 1, the restriction of / to X^^^ is a locally trivial 
fibration - called the Milnor fibration - onto with fiber F^, the Milnor fibre at 
X. The action of a characteristic homeomorphism of this fibration on cohomology 
gives rise to the monodromy operator 

M:H*{F,,Q)^H*{F,,Q)- 
For any natural number n, we consider the Lefschetz number 

A(M") := J2^-ir Trace [M", H'^{F^, Q)], 

of the n-th iterate of M. These numbers are related to the monodromy zeta function 
Z{t) := l[[det (Id - tM, H'^iF,, Q))]^-'^" 

q>0 

as follows: if one writes 

i\n 

for n > 1, then 

Z{t) = Y[{1 - f )"'/\ 

i>l 

In the paper |T|, A'Campo gives a formula for the Lefschetz numbers A(M") in 
terms of a resolution of the singularities of / = 0. The aim of the present note is 
to give a formula for A(M'^) directly in terms of geometric objects associated to the 
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function /. This formula will involve truncated arcs on X. Let us recall from |^ 
1^, that there is a C-scheme C{X), the space of formal arcs on X, whose set of 
C-rational points C{X){C) is naturally in bijection with X(C[[t]]). Similarly, for 
n > 0, we can consider the space of arcs modulo t'^'^^: a C-rational point 

of corresponds to a Cftj/t^+^Cftj-rational point on X. The space Cn{X) is 

canonically endowed with the structure of a complex algebraic variety. For instance 
when X is the afiine space A^, a C-rational point of C{X) is just an m-tuple of 
power series in the variable t with coefficients in C, while £„(X)(C) is the set of 
m-tuples of complex polynomials of degree < n in the variable t. Furthermore, there 
is a natural morphism 

7r„ : C{X) ^ Cn{X) 

which corresponds to truncation on C-rational points. Since X is assumed to be 
smooth, the morphism 7r„ is surjective (also for C-rational points). In what follows, 
we identify C{X) with its set of C-rational points, and similarly for £„(X). With 
a "complex algebraic variety" , we mean the set of C-rational points of a separated 
reduced scheme of finite type over C, not necessarly irreducible. Now, we consider 
the set Xn of points (f in £„(X) such that 'n'oif) = x and such that the t- valuation 
of /(v^) is exactly n. This subset Xn is a locally closed subvariety of and we 

may consider the morphism 

fn ■ ^ C , 

sending a point in Xn to the coefficient of in /(v?)- There is a natural action of 
C^ on Xn given by a ■ {p(t) = ip{at). Since /„(a ■ ip) = a^fn{(p), it follows that /„ 
is a locally trivial fibration and has a geometric monodromy of order n. We denote 
by Xn^i the fiber The group fin of n-th roots of unity in C acts naturally on 

'^n,i, by restriction of the C^-action on Xn- 

We can now state the main result of this note. 

1.1. Theorem. For every integer n > 1, the Lefschetz number A(M") is equal to 
x{Xn^i), the Euler characteristic of Xn.i- 



In fact, we shall deduce Theorem from a more general result. Theorem 2?^, where 



we give a formula for the class of Xn^i in the ring A^ioc obtained by localisation of 
the class of the affine line in the Grothendieck ring of complex algebraic varieties, 
whose definition is recalled at the beginning of section |. Actually, it would be also 



possible to prove Theorem |1.1| as an easy consequence of Theorem 2.2.1 in 0, by 
a reasonning involving motives and Hodge polynomials. In fact. Theorem p.4| may 
be further generalized to take in account the monodromy action. This is done in 
Theorem p.lQ , once we introduced the "monodromic" Grothendieck ring A^{^°°. 

We denote by T„ the monodromy operator 



T„ : H*{Xn^i, Q) — > H*{Xn^i, Q) 
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of the locally trivial fibration /„ : Xn ^ . Note that is induced by the 
automorphism (f(t) (^[e^'^^^^t) of Xn^i. For any d in N, we denote the Lefschetz 
number of by 

A{T^) := ^(-ir Trace [T„^ff''(A'„,i,Q)]. 

Since is the identity, we have A(T^) = A(T^"^^'^'"^). Hence to know the A(T^)'s 
for every d in N, it is enough to know them for every d dividing n. This information 
is provided by the following result: 

1.2. Theorem. If n > 1 and d divides n, then A(T^) = A(M'^). 



Finally, in section H, we extend Theorem 2.10 to the case of quasi-projective varieties 



over a field of characteristic zero. This enables us to construct what we believe to be 
the "virtual motivic incarnation" of the the Milnor fibre at x in Ai^^^i^^^ analogue 
over k of the ring A^j^""^. Taking Euler characteristic with values into virtual Chow 
motives, we apply this to settle an issue that remained open in 0. 

The first author is endebted to Eduard Looijenga for a conversation in November 
1998 which influenced the present paper. The second author would like to thank 
Paul Seidel for interesting discussions. 

2. Calculation of a motivic volume and proof of the main results 
To state Theorem |2.4|, we shall start with some reminders from motivic integration 



as developped in and 

2.1. We denote by Ai the abelian group generated by symbols [S], for S a complex 
algebraic variety, with the relations [S] = [S'] if S and 5" are isomorphic and [S] = 
[S'] + S"] if 5" is Zariski closed in 5*. There is a natural ring structure on A4, the 
product being induced by the cartesian product of varieties, and to any constructible 
set S in some complex algebraic variety one naturally associates a class [S] in A^. We 
denote by L the class of the affine line in and we denote by A^ioc the localisation 
Moc ■.= M[L-']. 

Let X be a smooth complex algebraic variety of pure dimension m. We call a subset 
A of C{X) cylindrical at level n if A = tt^^{C), with C a constructible subset of 
Cn{X). We say that A is cylindrical if it is cylindrical at some level n. 
Let X, Y and F be complex algebraic varieties, and let A, resp. B, be a constructible 
subset of X, resp. Y. We say that a map it : A —>■ B is a. piecewise morphism if 
there exists a finite partition of the domain of vr into locally closed subvarieties of X 
such that the restriction of vr to any of these subvarieties is a morphism of varieties. 
We say that a map tc : A —>■ B is a. piecewise trivial fibration with fiber F, if there 
exists a finite partition of B in subsets S which are locally closed subvarieties of Y 
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such that 7r^^(5') is a locally closed subvariety of X and isomorphic, as a complex 
algebraic variety, to S x F, with tt corresponding under the isomorphism to the 
projection S x F —>■ S. We say that the map vr is a piecewise trivial fibration over 
some constructible subset C of B, if the restriction of vr to 7r~^(C) is a piecewise 
trivial fibration onto C. 

We call a cylindrical subset A of C{X) stable at level n G N if A is cylindrical at 
level n and TTk^i{C{X)) —>■ 7Tk{C{X)) is a piecewise trivial fibration over iTkiA) with 
fiber A^, for all k > n. We call A stable if it is stable at some level n. 
Since X is smooth, any cylindrical subset A of C{X) is stable (at the same level), 
by Lemma 4.1 of 0. Denote by Co the family of stable cylindrical subsets of C{X). 
Clearly there exists a unique additive measure 

/i : Co > Mioc 

satisfying 

/i(A) = K(A)]L-("+i)- 

when A G Co is stable at level n. 
In particular, the relation 

holds in A^ioc, where Zn,i is the set of points ip in C{X) such that 7io{(p) = x, such 
that the t-valuation of f{(p) is exactly n, and such that the coefficient of in fX^p) 
is equal to 1. 

The following geometric lemma, which is a special case of Lemma 3.4 in 0, will 
play a crucial role in the proof of Theorem 



2.2. Lemma. Let X and Y be connected smooth complex algebraic varieties and 
let h : Y ^ X be a birational morphism. For e in N, let Ag be the subset of C{Y) 
defined by 

Ae := G Y{C[[t]]) I ordtdet Jac/,((p) = e}, 

where JaCh{<f) is the jacobian of h at (f. For k in N, let hj^^ : Ck{Y) — > Ck{X) be 
the morphism induced by h, and let Ag ^ be the image of A^. in Ck(Y). If k > 2e, 
the following holds. 

a) The constructible subset Ae,fc of CkiY) is a union of fibers of hk^.. 

b) The restriction of hk* to Ae,fc is a piecewise trivial fibration with fiber A'^ onto 
its image. 



2.3. Now we shall use Lemma ^]2| to compute jl(Zn,i) on a resolution of /. Let D be 
the divisor defined by / = in X. Let [Y, h) be a resolution of /. By this, we mean 
that y is a smooth and connected complex algebraic variety, h : Y —>■ X is proper, 
that the restriction h : Y\h~^{D) — *■ X\D is an isomorphism, and that (/;,^^(D))i.ed 
has only normal crossings as a subvariety of Y. Furthermore, we choose h in such a 
way that (^~^(a:;))red is a union of irreducible (smooth) components of (/i~^(D))red5 
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which we shall denote hy Ei, i G J. For each i E J, denote by Ni the multiplicity 
of Ei in the divisor offohonY, and by z^j — 1 the multiplicity of Ei in the divisor 
of h*dx, where dx is a local non vanishing volume form at local generator 

of the sheaf of differential forms of maximal degree at x. For i E J and J C J, we 
consider the varieties E° := E^ \ Uj^iEj, Ej := Hi^jEi, and Ej := Ej \ Uj^j\jEj. 

We shall also set mj = gcd(A^j)jg/. We introduce an unramified Galois cover Ej of 
Ej, with Galois group firm, follows. Let U be an affine Zariski open subset of Y, 
such that, on U, f oh = uv"^' , with u a unit on U and v a morphism form U to A^. 
Then the restriction of Ej above E] fl U, denoted by E] fl U, is defined as 

{iz,y)EA'cx{E°nU)\z'^^=u-'}. 

Note that Ej can be covered by such affine open subsets U of Y. Gluing together 
the covers E] fl U, in the obvious way (cf. the proof of Lemma 3.2.2 in 0), we 
obtain the cover Ej of Ej which has a natural /im^-action (obtained by multiplying 
the 2;-coordinate with the elements of /im/)- 

2.4. Theorem. With the previous notations, the following relation holds in A^ioc-' 
(2.4.1) = L"™ ^(L - lf^'^[E°] ( J2 L-^^^i^^''^ 

icJ \ fej>i,iei 

Proof. Let Zn i be the preimage of Zn i in C{Y). Remark that, the morphism h 
being proper, the induced function h^^ : Zn^i — Z^.i is bijective. Now, for e > 0, 
define Zn,i,e as the set of points ip in Zn^i such that ordjdet Ja.Ch{(p) = e. 

2.5. Lemma. Let I be a non empty subset of J. Let U be an affine Zariski open 
subset of Y , such that, on U , f oh = ^illie/^/i^' ^^'^ det Jac/j = v Yl-^^ y'^'~^ , with 
u and V units on U and yi a regular function on U with divisor Ei (1 U. Let ki, 
i E I , be natural numbers with ^i^^kiNi = n, ki > 1. Let U(ki) be the set of 
points if in CniU) such that oidtVii,^) = h, for i E I , and fn{hn*{^)) = 1, where 
hn* '■ jC.n{Y) — s> Cn{X) is thc morphism induced by h. Then 

= (L - lf^'^[E° n U] L^'^-^'e^^' 

in Mioc- 

Proof. Note that the projection CniJJ) U maps into E°j fl U . Thus we may 
assume that fl [/ is not empty, and - using additivity - that there exist m — \I\ 
functions on U which, together with the functions {yi)i^i, induce an etale map 
U Aq. By Lemma 4.2 of 0] (with n = e = 0), this map induces an isomorphism 
Cn{U) c:^ U Xj!i^m £„(Aq). It follows uow from the very definitions that 
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with 

Wi := {{z,,y) G (C^)l^l X {E°j n U) | JJ^f'^ = l}, 

i&I 

and we have 

[Wi] = {i.-iy\-^ [E}nu]. 

To verify the last equahty, consider an automorphism z ^ (z°'^)i^j of (C^)'^', with 
{ai)i^j a basis for Z'^' and ai = {Ni/mi)i^j. □ 

By covering Y with affine Zariski open subsets U verifying the assumptions in 
Lemma |2.5| , one sees that all the subsets Zn.i,e of C{Y) are cylindrical and that 

there exists cq such that Zn,i,e is empty for e > cq. Now set Zn^i^e = h^{Zn,i,e)- 
Since tt^o = /i^* o vTfc, with the notation of Lemma |2]^, it follows from assertion 
a) of Lemma ^]2|that the subsets 2„,i,e of C{X) are cylindrical. Since Z„ i is equal 
to the disjoint union of the subsets 2„,i,e for e < Cq, we have 

K^n,l) = ^ /i(2„,l,e)- 

e<eo 

Now it follows from Lemma |2l^ that 



By using Lemma 2.5, one gets, for every U as in B]a 



/CJ fcj>l.iS/ 

and the result follows by additivity of ft. □ 

2.6. Proof of Theorem We use a resolution (F, h) of / satisfying the condi- 
tions in |2.3| . We shall view the Euler characteristic of complex constructible sets as 
a ring morphism x : — Z. Since = 1, this morphism extends uniquely to 
a ring morphism x ■ -^loc Z. Since ~ = when \I\ > 1, it follows 
from Theorem |2.4| that 

Ni\n 

The result follows since A(M") is equal to the right hand side of the previous formula 
by A'Campo's formula for A(M") given in [^. □ 

2.7. Remark. As observed by Paul Seidel, Theorem |1.1| bears some similarity with 
properties of Floer homology for a symplectic automorphism (see, e.g., P]). 
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2.8. Remark. Of course, it is also possible to prove Theorem ^]T] directly, without 
considering the ring A^ioc, by using Lemma ^.2| and working with Euler character- 
istics all the way. 

2.9. To take in account the monodromy action we introduce a ring As 
an abelian group A^™""^ is generated by symbols [S,t], with S a complex algebraic 
variety and r an automorphism of S. The relations are [S, t] = [S', t'] if the pairs 
(5", r) and (S", r') are isomorphic, [S, r] = [S', r^s'] + S', t\s\s'] when S' is Zariski 
closed in S and stable under r, and [S x A^, a] = [S x A^, a'] whenever a and a' 
are liftingsQ of a same automorphism r of S. There is a natural ring structure on 
A^™°°, induced by the cartesian product of varieties. We denote by L the class of 
(A^, id) in M'^°'' and we denote by A^J^°° the locahsation M'^'^'' := M'^°''[L~'^]. 
We will often write [S] instead of [S, t] when it is clear from the the context what r 
is. For example we write ['^n,i] and [Ej], the automorphism being the obvious one 
induced by multiplication by e^'^*/", resp. e^'^*/™^. 

Let T be an automorphism of the scheme C{X) which permutes the fibers of 7r„ for 
every n. Denote by Co,t the family of stable cylindrical subsets A of C{X) with 
T[A) = A. Clearly there exists a unique additive measure 

~ mon r~i k a mon 

H . L.o,T ^ -Mice 

satisfying 

when A G Co T is stable at level n. 



2.10. Theorem. Relation l ^^lj ) holds in 



Proof. The proof of Theorem carries over literally to the monodromic situation. 

□ 

2.11. For any complex algebraic variety with an action of a finite abelian group 
G, and for any character a of G, we denote by H*{X, C)a the part of H*{X, C) on 
which G acts by multiplication by a, and we set 

xiX,a) :=5^(-l)''dimi7^(X,C)„. 

g>0 



2.12. Proof of Theorem |1.2| . The monodromy zeta function Z(t) of the Milnor 
fibration being equal to Higjl^ " t^»)x(^r) by Theorem |1]2| is equivalent to the 
assertion that the monodromy zeta function of the fibration /„ is equal to 

JJ(l_t^»)x(i^°). 

ie J 

iVJn 

-'^meaning that rop — poa = poa\ where p is the projection of 5 x onto S. 
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But this assertion is equivalent to the vahdity of the equahty 



ord(a) I iVj | n 



for every character a of which is a direct consequence of Theorem 2.1C. □ 



2.13. Remark. In fact, Theorem |2.10| still remains valid if one changes the definition 
of A^j^c"^ in by imposing the relation [S x A^,(t] = [5 x Aq,(t'] only when a 
and a' are cartesian products which coincide on S. To verify this claim one needs a 
straighforward refinement of Lemma 4.1 of and of Lemma |2.2| . 

3. Some further results 



3.1. There is an algebraic analogue of Theorem |2.10| over an arbitrary field k of 



characteristic zero. To state it, we first define the ring which is the algebraic 

analogue of the ring A^j^""^. For n > 1 an integer, we denote by /i„ the group scheme 
over k of n-th roots of unity. Note that it is not assumed that all geometric points 
of fin are rational over k. By an action of /i„ on a quasi-projective scheme over k, we 
mean an action in the sense of group schemes and schemes over k. Set fi := lim Hn- 
By an action of /t on a quasi-projective scheme over k, we mean an action which 
factors through a suitable We define M'^ioc the same way as A^JJJ""^, working 
now with pairs consisting of a quasi-projective scheme over k and a /t-action on it. 

Let X be a smooth algebraic variety over k and let / : X — be a non constant 
morphism. Similarly as in the complex case one defines the arc space C{X) and the 
quasi-projective variety Xn.i with a natural /i-action. One defines also similarly as 
before resolutions (Y, h) of / and the varieties Ej with /i-action. 
The proof of Theorem p.lQ carries over to the algebraic case to give the following: 

3.2. Theorem. Let X be a smooth algebraic variety over k and let f : X ^ A^ 

be a non constant morphism. Let {Y,h) be a resolution of f . With the previous 
notations, relation (\2.4-A ) holds in M.^Joc- 

3.3. Consider the power series 

P{T) := J2l^n,i] L-^'^T" 

n>l 



in the variable T over the ring M.'^i^c- follows directly from Theorem |3.2| that 



P(T) is a rational power series and that its "limit for T —>■ oo" (cf. section 4 of 0^ 
is equal to —S, where 

(3.3.1) ^■■= a-^f^-'[Ej]. 
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In particular it follows that the right hand side of ( |3.3.1 ) is independent of the 



resolution {Y, h), as an element of M'^ioc- shall explain in p75t we believe that 

S is the the "virtual motivic incarnation" of the Milnor fibre at x. 

3.4. We denote by E the smallest subfield of C containing all roots of unity. As- 
sume E is contained in k. To any quasi-projective variety X over k with a /i-action, 
and to any character a of /i of finite order, we associate, as in Theorem 1.3.1 of 
(see also 0]), an element Xmot,c(-^, «) of the Grothendieck group Ko{Motk,E) of the 
category Mot^^^; of Chow motives over k with coefficients in E. One can check that 
Xmot,c{-,Ci) factorizes through a ring morphism M'^i^c ~^ KoiMotk^E)- One verifies 
that Xmot,c(-5 tt) respects the last relation in the definition of A^™°oc by an argument 
similar to the proof of Proposition 2.6 in [Q. 

We still write L for Xmot,c(A^, 1). When k = C, the topological Euler characteristic 
of Xmot,c(-^, «) is equal to xi^j ct); with the notation of |2.11. 



3.5. Let q; be a character of Ji of order d and set Sa '■= Xmot, c{<S , a ^). It follows 
from the definition that 



This element Sa plays a key role in section 4 of 0, where it was proved that modulo 
(L — l)-torsion Sa does not depend on the chosen resolution (Y, h) of f. However 
it follows now from the above considerations that Sa, as an element of Ko{Motk,E) , 
does not depend on the chosen resolution. As explained in , we beheve that Sa is 
the "virtual motivic incarnation" of the a-isotypic part of the Milnor fibre. It was 
shown in [Q] that this is indeed true at the level of C-Hodge realizations. 



References 

1. N. A'Campo, La fonction zeta d'une monodromie, Comment. Math. Helv. 50 (1975), 233- 
248. 

2. J. Denef, F. Loeser, Motivic Igusa zeta functions, J. Algebraic Geom., 7 (1998), 505-537. 

3. J. Denef, F. Loeser, Germs of arcs on singular algebraic varieties and motivic integration, 
Invent. Math., 135 (1999), 201-232. 

4. J. Denef, F. Loeser, Motivic exponential integrals and a motivic Thorn- Sebastiani Theorem, 
Duke Math. J., 99 (1999), 285-309. 

5. J. Denef, F. Loeser, Motivic integration, quotient singularities and the McKay correspon- 
dence, preprint February 1999. 

6. S. Dostoglou, D. Salamon, Self-dual instantons and holomorphic curves, Ann. of Math., 139 
(1994), 581-640. 

7. M. Kontsevich, Lecture at Orsay (December 7, 1995). 



10 



JAN DENEF AND FRANgOIS LOESER 



University of Leuven, Department of Mathematics, Celestijnenlaan 200B, 3001 Leu- 

VEN, Belgium 

E-mail address: JcLn.Denef@wis.kuleuven.ac.be 

URL: http : //www. wis .kuleuven.ac .be/wis/algebra/denef .html 

Centre de Mathematiques, Ecole Polytechnique, F-91128 Palaiseau (UMR 7640 du 
CNRS), and Institut de Mathematiques, Universite P. et M. Curie, Case 82, 4 place 
JussiEU, F- 75252 Paris Cedex 05 (UMR 7596 du CNRS) 
E-mail address: loeserQmath.polytechnique.fr 
URL: http : //math . polytechnique . f r/ cmat/loeser/ 



